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Abstract 

Let G be a semi-simple non-compact Lie group with unitary lowest /highest weight 
representations. We consider explicitly the relation between three types of representations 
of G: positive energy (unitary lowest weight) representations, (holomorphic) discrete series 
representations and non-unitary finite-dimensional irreps. We consider mainly the conformal 
groups S0 (n, 2) treating in full detail the cases n = 1, 3, 4. 
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1. Introduction 



Let G be a semi-simple non-compact Lie group with unitary lowest /highest weight rep- 
resentations, i.e., (G, K) is a Hermitian symmetric pair, where K is a maximal compact 
subgroup of G |J. Let Q be the Lie algebra of G. Then, Q is one of the following Lie al- 
gebras: su(m,n), sofa, 2), sp(2n,R), so*(2n), i?6(-i4)) ^7(-25) @- These groups/algebras 
have also discrete series representations, since rankG = rankX, and G D K D H, where 
H is a Cartan subalgebra of G [|. 

In this paper we start a discussion on the relation between three types of representations 
of G: positive energy (i.e., unitary lowest weight) representations, (holomorphic) discrete 
series representations and finite-dimensional representations (the latter are not unitary). 

There are some general facts that are known about these relationships. For exam- 
ple every discrete series representation has the same infinitesimal character (Casimirs) as 
some finite-dimensional representation ||. According to the results of a holo- 

morphic/antiholomorphic discrete series representation is (infinitesimally) equivalent to a 
unitary lowest /highest weight representation. The submerging of the set of discrete points 
enumerating the holomorphic discrete series in the semi-infinite interval parametrizing the 
unitary lowest weight representations is given in |I| .1 The embedding of discrete series rep- 
resentations into elementary representations! (called also generalized principal series rep- 
resentations) is given in , U , . (Other pertinent references are P] , P| , flit! , ||1 1|| , |T^1 , 1T3|1 ■ ) 



However, the latter two very important connections are not used simultaneously in the 
mathematical literature. 

Our input in the discussion of these relationships may be summarized as follows. First 
of all, we use all relationships between the three types of representations. In particular, 
we use essentially the fact that discrete series representations and finite-dimensional rep- 
resentations occur as subrepresentations of elementary representations. The elementary 
representations in question are topologically reducible (and not unitary). We group the 
(reducible) ERs with the same Casimirs in sets called multiplets |T^|,||15||. The multiplet 
corresponding to fixed values of the Casimirs may be depicted as a connected graph, the 
vertices of which correspond to the reducible ERs and the lines between the vertices cor- 
respond to intertwining operators.il The explicit parametrization of the multiplets and 
of their ERs is important for understanding of the situation. Especially important are 
the multiplets containing (as subrepresentation of some reducible ER of the multiplet) a 
finite-dimensional representation. Each such multiplet contains some discrete series rep- 
resentation^) (as subrepresentation(s) of other reducible ER(s) of the multiplet), and all 
discrete series representations are contained in some such multiplet. Furthermore, from 
these multiplets - by certain limiting procedure - one can obtain all multiplets containing 
limits of discrete series. (The latter resulting multiplets do not contain finite-dimensional 



2 Note that EHW [|| work in the conjugate picture with highest weight modules. 

3 The precise definition with relevant references is given below. 

4 For simplicity only the operators which are not compositions of other operators are depicted. 
The ERs which are related by non-trivial intertwining operators are said to be partially equivalent. 
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representations.) Finally, using the multiplets, we can identify the intertwining operators 
relevant for discrete series representations and the finite-dimensional representation. 
We should also mention that in distinction to mathematicians, in our considerations we are 
using induction also from maximal parabolics that are not cuspidal (e.g., on the example 
of Q = so(n, 2) in this paper). 

In the present paper we start such a description by discussing in some detail the con- 
formal case when Q = so(n,2). There are two typical cases when n > 2 : n odd and 
n even. Furthermore, the case n = 1 is special and is discussed separately. (The case 
n = 2 is reduced to the case n = 1.) Thus, the paper is organized as follows. In Section 
2 we give the general setting. In Section 3 we specify the setting to the conformal case. In 
Sections 4,5,6 we treat the cases n = 1, 3, 4 in detail. 



2. Preliminaries 

Let G be a semisimple non-compact Lie group, and K a maximal compact subgroup of 
G. Then we have an Iwasawa decomposition G = KAN , where A is abelian simply 
connected, a vector subgroup of G, N is a nilpotent simply connected subgroup of 
G preserved by the action of A. Further, let M be the centralizer of A in K. Then the 
subgroup Po = MAN is a minimal parabolic subgroup of G. A parabolic subgroup 
P = M'A'N' is any subgroup of G (including G itself) which contains a minimal 
parabolic subgroup.^ 

The importance of the parabolic subgroups comes from the fact that the representations 



induced from them generate all (admissible) irreducible representations of G ||17|| . For 
the classification of all irreducible representations it is enough to use only the so-called 
cuspidal parabolic subgroups P = M'A'N', singled out by the condition that rankM' = 
rankM' n K |L8|],|n|, so that M' has discrete series representations ||. However, often 
induction from non-cuspidal parabolics is also convenient and we shall use it below. 

Let v be a (non-unitary) character of A', v G A'*, let \i fix an irreducible represen- 
tation of M' on a vector space . 

We call the induced representation \ = Indp(// <8> v <8> 1) an elementary representation 
of G IPDfl . (These are called generalized principal series representations (or limits thereof) 
in 0.) Their spaces of functions are: 

C x = {J 7 e C 00 (G, Vfj) | F(gman) = e~^ H) ■ ^(m -1 ) F{g)} (2.1) 

where a = exp(H) G A', H G A' , me M', n G N'. 

For our purposes we need to restrict to maximal parabolic subgroups P, (so that 
rank A' = 1), that may not be cuspidal (the importance of such occurrences is explained on 
the example of Q = so(n, 2) below). For the representations that we consider the character 
v is parameterized by a real number d, called the conformal weight or energy (the latter 
for reasons that will become clear below). 



The number of non-conjugate parabolic subgroups is 2 r , where r = rank^l, cf., e.g., [16]. 
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We restrict also to the case of finite-dimensional (nonunitary) representations \x of M'. 

An important ingredient in our considerations are the unitary lowest weight represen- 
tations of Q. These can be realized as factor-modules of Verma modules V A over Q®, 
where A e (H* )*, H® is a Cartan subalgebra of Q®, the lowest weight A = A(x) is 



determined uniquely from x Hl5 ]. Unitarity means positivity w.r.t. the Shapovalov form 
in which the conjugation is the one singling out Q from Q®. 

Actually, since our ERs are induced from finite-dimensional representations of M 1 the 
Verma modules are always reducible. Thus, it is more convenient to use generalized Verma 
modules V A such that the role of the lowest weight vector vq is taken by the finite- 
dimensional space vq . For the generalized Verma modules (GVMs) the reducibility is 
controlled only by the value of the conformal weight d. Matters are arranged so that there 
is a real number do called the first reduction point (FRP), such that for d > do the 
GVMs are irreducible and unitary. For d = do the GVM is reducible (in general) with 
invariant subspace I A so that the factor space La — V A /I A is irreducible and unitary. 
For d < do in some cases there is a discrete set of d- values for which the GVM is reducible 
and again the factor space La is irreducible and unitary. This picture was known for the 
conformal cases Q = so(n, 2) when n = 3 ]2l|] (for more modern exposition cf. also ||22|| ) 
and n = 4 ||23|1 , but was established for all algebras with lowest /highest weight modules 



m (4||.H 

We turn now to the relation of discrete series representations with lowest weight modules. 

The unitary lowest weight generalized Verma modules are infinitesimally equivalent to 
holomorphic discrete series when d = do + kco , k = A(\q) + 1,2,..., Co, A(\q) G iV, f§]. 
The GVMs with d = do + coA(\q) are infinitesimally equivalent to the so-called limits 
of discrete series [|J. The latter are not related to finite-dimensional representations. 

The irreps for d > do are also called analytic continuation of the discrete series. 

In order to be more specific, in the next sections we consider the conformal cases. 



6 Note that EHW [||] work with highest weight modules, thus, their ranges are limited from above, 
while we work with lowest weight modules and our ranges are limited from below. The latter is 
done to have the intuitive picture of positive energy spectrum bounded from below. There is also 
a shift of the initial points - in our case d - as energy - is positive, while in the notation of M the 
spectrum includes the point zero. 
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3. Conformal groups 



Let G = S0 (n,2). We shall consider first the case n > 2. Then G is the conformal 
group in n-dimensional Minkowski space-time. The Lie algebra, i.e., the conformal algebra 
Q — so(n,2) has three non-trivial non-conjugate parabolic subalgebras V% = M.i®Ai®Mi 



i = 0, 1, 2, where: 



M £ so(n - 2) , A ^ so(l,l) ©so(l,l) , A/" ^ iR 2n " 2 (3.1a) 
A^i ^so(n- 2) © so(2, 1) , A = so(l, 1) , = M 2n ~ 3 (3.16) 
A^ 2 = so(n - 1, 1) , ^ 2 = so(l,l), M 2 = R n (3.1c) 

The parabolic Vq is a minimal one, and thus is cuspidal. The other two parabolics are 
maximal, V\ is also cuspidal, while V 2 is cuspidal only if n is odd. 

We shall use representations induced from the parabolic V 2 since the sets of finite- 
dimensional (nonunitary) representations of M. 2 are in 1-to-l correspondence with the 
finite-dimensional (unitary) representations of so{n) which is the semi-simple subalgebra 
of the maximal compact subalgebra /C = so(n) © so(2). Thus, these induced repre- 
sentations are representations of finite /C-type Q. Relatedly, the number of ERs in the 
corresponding multiplets is equal to |W(^, H^l / iW^Kf, H^l = 2(1 +h), h= [§], 
where H is a Cartan subalgebra of both Q and /C. Note also that K,® = ® A®- 

The Bruhat decomposition [|3[ of Q which corresponds to this parabolic is: 



G = M 2 ®M 2 ®A 2 ®M 2 , (3.2) 

where M 2 = 0J\f 2 , (0 is the Cartan involution in Q). The subalgebras in this decomposi- 
tion have direct physical meaning: M. 2 is the Lorentz algebra of n-dimensional Minkowski 
space-time M n , (the latter differs from M n by the Lorentzian metric), M 2 is the transla- 
tion algebra of M n , A 2 is the subalgebra of dilatations, Af 2 is the subalgebra of special 
conformal transformations of M n . 

We label the signature of the ERs of Q as follows: 

X = {ni,..., n~ h ; c} , rij G Z/2 , c=d-f , 

\ri\\ < n 2 < ■ ■ ■ < Tifr , n even , (3.3) 
< n\ < n 2 < ■ ■ ■ < , n odd , 

where the last entry of x labels the characters of A 2 , and the first h entries are labels 
of the finite-dimensional nonunitary irreps of A4 2 , (or of the finite-dimensional unitary 
irrep of so(n)), which also fulfil the requirement that the n^s are either all integer, or all 
half- integer. 

The reason to use the parameter c instead of d is that the parametrization of the ERs 
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in the multiplets is given in a simple intuitive way: 
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(3.4) 



The ERs in the multiplet are related by intertwining integral and differential opera- 



tors. The integral operators were introduced by Knapp and Stein [p5| . These operators 
intertwine the pairs Cf and C~ : 

G+:C--^C+ : G -:C+^C-, i = l,...,l + fc. (3.5) 

Matters are arranged so that in every multiplet only the ER with signature Xi contains 
a finite-dimensional nonunitary subrepresentation in a finite-dimensional subspace S. The 
latter corresponds to the finite-dimensional unitary irrep of so(n + 2) with signature 
{ni , . . . , , The subspace £ is annihilated by the operator G± , and is the 

image of the operator G^ . 

Analogously, in every multiplet only the ER with signature xt contains holomorphic 
discrete series representation. In fact, it contains also the conjugate anti-holomorphic 
discrete series. The direct sum of the holomorphic and the antiholomorphic representations 
are realized in an invariant subspace T> of the ER xt • That subspace is annihilated by 
the operator Gj~ , and is the image of the operator Gt ■ 

Note that the corresponding lowest weight GVM is infinitesimally equivalent only to 
the holomorphic discrete series, while the conjugate highest weight GVM is infinitesimally 
equivalent to the anti-holomorphic discrete series. 

The intertwining differential operators correspond to non-compact positive roots of the 
root system of so(n + 2,W), cf. |T5|j . [In the current context, compact roots of so(n + 2, W) 
are those that are roots also of the subalgebra so(n, (T), the rest of the roots are non- 
compact.] Let us denote by C i the representation space with signature xt ■ The 
intertwining differential operators act as follows: 



di : 




^i+l i i 


= 1, ...,h, 


Vn 


d[ ■ 


C + — 
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(3.6) 
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The degrees of these intertwining differential operators are given just by the differences of 
the c entries: 

degd l = degdj = n- h+2 _ t ~ n- h+1 _^ i = l,...,h, Vn 
deg<i^ +1 = ri2+ni, n even 

The multiplets can be seen pictorially in [[26] .0 The equalities between some intertwining 
differential operators for n even in (|3l]) is due to the fact these operators are produced by 
singular vectors corresponding to the same positive roots of the root system of so(n + 2, W), 
cf. p. 



More explicitly, for n-even, n = 2£, the root system of so{n + 2, W) may be given by 
vectors ej ± ej , £ + l>i>j>l, where form an orthonormal basis in M £+1 , i.e., 
(ej, ej) = dij . The non-compact roots may be taken as e^+i ± . The roots e^+i — , 
2 < i < £, correspond to the operators di+i-i , the roots e^+i + , 2 < i < £, correspond 
to the operators d' g+1 _ i , the roots e£+i ± e± correspond to the operators di , d' e , resp. 

For n-odd, n = 2£ + l, the root system of so(n + 2, (I) may be given by vectors ±ej , 
^ + l>«>i>l, e/;, 1 < k < I + 1. The non-compact roots may be taken as e^+i ± e; , 
e^_|_i . The roots e^+i — e; , 1 < i < £, correspond to the operators dz+i-i , the roots 
e^+i + ei , 1 < i < £, correspond to the operators d' i+1 _ i . The root eg+i has a special 
position, for rii G IV it corresponds to differential operators of degree 2rii which are 
degenerations of the integral operators Gf . The latter phenomenon is given explicitly for 
?i = 3 in 0]. 



Another parametrization of the ER/GVM is by the so-called Dynkin labels. These are 
defined as follows: 

mi = (A + p,aY) , (3.8) 

where A = A(x), p is half the sum of the positive roots of Q, di denotes the simple 
roots of Q, = 2ctj/ (ct i5 c^) is the co-root of cti . Often it is convenient to consider the 
so-called Harish-Chandra parameters: 

m a = (A + p,a v ), (3.9) 

where a is any positive root of Q. These parameters are redundant, since obviously they 
can be expressed in terms of the Dynkin labels, however, as we shall see below, some 
statements are best formulated in their terms. 

The numbers deg di , deg d\ , are actually part of the Harish-Chandra parameters which 
correspond to the non-compact positive roots of so(n+2, d). From these, only degdi, cor- 
responds to a simple root, i.e., is a Dynkin label. 

These labellings will be used in the examples n = 3, 4 below. 

Above we restricted to n > 2. The case n = 2 is reduced to n = 1 since so (2, 2) = 
so(l, 2) ©so(l, 2). The case n = 1 is special and is treated separately in the next Section. 



7 Actually the diagrams in |]26[| are for the corresponding Euclidean cases so(n +1,1) - the 
diagrams are the same for both signatures. 
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4. SL(2,R) 



We start with the conformal case for n = 1: G = SO Q (l,2) = SL(2,m)/% 2 ■ This is 
treated separately since r = 1 and there is only one non-trivial parabolic. Next, the 
Lie algebra so(l, 2) = si (2, IB) is maximally split and the subalgebra M. is trivial. 
Furthermore, this case is simpler and we can give more details. 



4.1. Discrete series and limits thereof 

We consider G = SL(2,M) following in this Subsection Gelfand et al p7|](the original 
results are in |[28|| , |[29|| ). The elementary representations of SL(2,M) are parametrized 
by a complex number s and a signature e = 0,1. We shall denote the ERs by D x , 
X = [s,e]. The discrete unitary series are realized as subspaces of D_ s = D x , with 
X = [s,e = s(mod2)], when s G 25+ . More precisely, there are two discrete series UIRs 
F^ s , which are invariant subspaces of D- s . 

The UIRs realized in F^ s nowadays are called holomorphic discrete series, they have 
a lowest weight vector, the UIRs realized in FZ S nowadays are called antiholomorphic 
discrete series, they have a highest weight vector. Their direct sum F_ s = F+ s © FZ S is 
an invariant subspace of D- s . 

For s 7^ the Casimir (the infinitesimal character) of D- s is equal to the Casimir of D s , 
which contains as subrepresentation the finite-dimensional (non-unitary) representation 
E s of SL(2, M) of dimension s. The UIRs Fq are not related to finite-dimensional 
representations, correspondingly, they do not fulfil Harish-Chandra's criterion for discrete 
series, and thus, nowadays they are called limits of discrete series. 

For fixed s ^ the ERs D_ s and D s are partially equivalent, which is realized by two 
integral operators [later introduced in ]25| in general]: A± s : D Ts — ► D± s , cf. (|3.5|). 



Thus, these two ERs form a doublet. The operator A s annihilates F- s and its image is 
E a C D s . The operator A- s annihilates E s and its image is _F_ S . Note also that the 
factor space F s = D s /E s is the direct sum of two further subspaces: F s = F+ © F~ , 
and that the operator A- s maps F^ onto F^ s . 
For s = one has: D = F = F + © F " , (setting E Q = 0). 



4.2. Lowest weight representations 

As we mentioned the lowest weight representations are conveniently realized via the lowest 
weight Verma module V A over the complexification = sl(2,W) of the Lie algebra 
Q = si (2, M), and the weight A = A(x) = A(s) is determined uniquely by x ■ 

For s E IN the Verma module U A ( S ) is reducible, it has a finite dimensional factor- 
representation Eg*~ = U A ( S )// A ( S ) of real dimension s, (which naturally can be identified 
with E s from above). 

By introducing the conjugation singling out Q we can use the Shapovalov form on U(Q + ), 
(Q + are the raising generators of Q*^), to define a scalar product in V A and then positivity 
produces the list of lowest weight modules. 

Using as parameter d = —s the condition for positivity is d > — 1. The point 
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d = — 1 is the first reduction point, which happens in the Verma module V A ^\ cf. above. 
There the factor-UIR is trivial (being one-dimensional). For d > — 1 the Verma modules 
yA(-d) are irreducible and unitarizable. They are called positive energy representations, 
the parameter d being the energy or conformal weight. They are also called analytic 
continuation of the discrete series F^ s . In particular, for d = —s E IN the Verma 
module 1/ A(_d ) is infinitesimally equivalent to the holomorphic discrete series irrep F+ s , 
while for d = it is infinitesimally equivalent to the limit of holomorphic discrete series 
irrep F + . All this is illustrated on the figure below: 



* d = k DS 

• d = 1 DS 
" d = LDS 

1 d = -1 FRP 

Fig. 1 sl(2,R) 



A similar construction exists if we take the conjugate highest weight Verma modules, 
the role of F^ s , E+ being played by FZ S , E~ . In that case we are speaking about 
negative energy representations, with parameter d = s, so that we have d < 1. 
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5. SO(3,2) 



The algebra so(3, 2) has, besides the minimal parabolic, two maximal (cuspidal) parabolic 
subalgebras which are isomorphic (though non-conjugate!). So below we fix one of these 
maximal parabolic subalgebras, and denote it "P max ■ Here the reducible ERs that have 
finite /C-type representations can be induced from V maj ^ = M.2A2M2 , where A4 2 = 
so(2, 1), dim A2 = 1, dim A/2 = 3. Their signatures are given by x — [Eo, so], where we 
have introduced the traditionally used energy E and spin sq , Sq = 0, |, 1, . . . (the latter 
parametrizing the finite-dimensional irreps of so(2, 1) or so(3)). 

Alternatively, the ERs (GVMs) are determined by the two Dynkin labels: mj = 
(A + p,Oii), i = 1,2, where oli are the simple roots. The relation between the two 
parametrisations is: 

mi = 2s + 1, rn 2 = 1 - E - s , 

(5.1) 

X = [E , s ] = [5(3 - mi) - m 2 , |(mi - 1)] 

The numbers 7713 = mi + 2m 2 = 3 — 2Eq , TH4 = mi + m 2 = 2 — Eq + sq correspond 
to the two non-simple positive roots as = ol\ + «2 , «4 = 2a 1 + a 2 . The root ai is 
compact, the other - non-compact. The set of the four numbers m, , i = 1,2, 3, 4, are the 
Harish-Chandra parameters. 

5.1. Multiplets, finite-dimensional irreps and discrete series 



The reducible such ERs are grouped in quartets, doublets and singlets [22 



The quartets are depicted in Fig. 2, cf. [|22]] . The signatures of the ERs of the quartet 
are given by: 

Xtk = [K 3 T (9 + 2*0) , !(? - 1)] , xjf* = [|(3 T 9) , |(? - 1 + 2fc)] , q, k E IN (5.2) 

The quartets are in 1-to-l correspondence with the finite- dimensional irreps of G since 
in each quartet there is exactly one ER which contains (as subrepresentation) a finite- 
dimensional irrep. The latter are parametrized by the positive integer Dynkin labels which 
we denote by q, k. The corresponding finite-dimensional irrep is denoted E q> k , it has 
dimension: q k (q + k) (q + 2k) /6, [|2|, and is contained in the ER denoted by x~ fc . 



Consequently, the quartets also hold the discrete series representations. For fixed 
q, k the discrete series are contained in x^k > Xqk 1 ' we know that there are two distinct 
non-conjugate cases of discrete series H. 



The doublets are denoted by Xq 1 an d the expression for their signatures can be obtained 
from the signatures of xfk or fr° m x' q \ by setting k = 0,i.e., 



X 



± 



= [i(3 T ?),|(g-l)] • (5.3) 



Note that for all pairs of ERs with signature distinguished by ± the sum of the .Bo's of 
the two ERs equals 3 - the dimension of Minkowski space-time in this case. Furthermore, 
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such pairs are related by two Knapp-Stein integral operators, as in the SL(2, M) case, 
(though, some of those operators that act from the '— ' ER to the '+' ER degenerate 
into differential operators, see below). Thus, each doublet can be represented pictorially 
by any such ± pair from the quartet. 

The singlets are Xn — [f i n ~ \]i n G ^ ■ an d the expression for their signatures can 
be obtained from the signatures of X^ k by setting q = 2n, k = — \q = —n (then ± 
coincide) .i 

In Table 1 we give the Harish- Chandra parameters m a for all representations that we 
discuss in this Section. 

According to the results of Harish- Chandra the holomorphic discrete series happen when 
the numbers m a are negative integers for all non-compact roots. Thus, we see from the 
Table that the holomorphic discrete series are contained in the ERs Xq \ ■ 

The limits of the holomorphic discrete series happen when some of the non-compact 
numbers m a become zero, while the rest of the non-compact numbers m a remain 
negative. We see that these limits are contained in the ERs Xq > (from the doublets). 



5.2. Holomorphic discrete series and lowest weight representations 

Next we discuss how the lowest weight positive energy representations fit in the multiplets, 
and when they are infinitesimally equivalent to holomorphic discrete series. 



We are interested in the positive energy UIRs of Q which are given as follows ||30| , pT| , p2 
(with s G i 

Rac : D(E ,s ) = D(l/2,0), Di : D(E ,s ) = 0(1,1/2), (5.4a) 
D{E > 1, s = 0) , D(E > 3/2, s = 1/2) , D{E > s + 1, s > 1). (5.46) 



The UIRs in ( |5.4a| ) are the two singleton representations discovered by Dirac []3(J and 
the last case in ( |5.46|) corresponds to the spin-so massless representations |31j]. We note 
that for these UIRs mi is never a positive integer, ms is a positive integer only for 
Eq = 1/2, 1, in which case ms = 2, 1, (Rac, Di), respectively. Similarly, m^ is a positive 
integer only for Eq — sq = 1, and that integer is m^ = 1. 

We want to see which positive energy irreps would fit in our multiplets. First we note 
that no such irreps can fit Xqk srnce Eq = \ — \q — k < 0, and X q ~k s i nce Eq = | — lg < 1 
but s = \ {q - 1) + k > 1. 

We notice that all positive energy irreps from ( |5.46|) that would fit some multiplet can 
be parametrized with one parameter k G k > — 1. The parametrization is as follows: 



mi 



q = 2s + 1 



m 2 



-q — k 



E = 2 + s + k 



Obviously the doublets and singlets are not related to any finite-dimensional representations. 
9 We have adopted the notation of [31], so that D(Eq,so) is the UIR which is contained as 
subrepresentation of the ER/GVM with signature x = [Eo, so]- 
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In fact, for k > 1 we obtain tautologically all ERs X^ fc , q = 2so+l, (cf. the Table), which 
contain all holomorphic discrete series. For k = we obtain all ERs xti q = 2so + l, (cf. 
the Table), which contain all limits of holomorphic discrete series. Finally, for k = — 1 we 
obtain the positive energy irreps D(1,0), -D(§, 5), D(sq + l,so) ( s o > 1) ? which are 
contained in the ERs X\ , Xi , x£ -i,i ■ 

From this we see that the above would fit the EHW |4|] picture with A(Xq) = 1, (the 
parameter z from [|J corresponds to our —k). Accordingly the irreps D(1,0), -D(|, §), 
D(sq + 1, so) (sq > 1), are in GVMs which are FRPs. In fact, exceptionally, the UIRs 
-D(l, 0), -Qti, \), are isomorphic to the corresponding GVMs since they happen to be 
irreducible.^ 

Finally, from the list of positive energy irreps, it remains to discuss the Rac and the Di 
from ( |5.4a|) . They are found in doublets. With respect to the positive energy spectrum 
they are isolated points below - by ^-spacing - the FRPs D(1,0), £>(§, |), resp. 

The Rac is in the reducible ER x~ 1 ■ This ER is partially equivalent to the ER x + 1 

1 '2 1 '2 

(denoted in the Table as Rac*). The latter's GVM is irreducible and also of positive 
energy: sq = 0, Eq = I . The intertwining operator acting from the Rac ER to Rac* is 
the d'Alembert operator (obtained by reduction of a Knapp-Stein operator p2|| ). 

The Di is in the reducible ER x~ 1 • This ER is partially equivalent to the ER x + 1 

(denoted in the Table as Di*). The latter's GVM is irreducible and also of positive energy: 
so = 2> E = 2. 

All this is illustrated on Figures 3,4. 



10 Brief explanation what happens for the case D(1,0). In that case the corresponding Verma 
module is reducible under roots 01,03, , (mi = m.3 = 771,4 = 1), however, the singular vectors 
corresponding to the non-compact roots 03 , 04 turn out to be descendants of the singular vector 
corresponding to the compact root qi . Consequently, when factorizing the Verma module the 



resulting GVM is irreducible. The other case is similar, see details in [22]. 
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6. SU(2,2) 



In the 4D conformal case the ERs/GVMs that have finite /C-type representations can 
be induced from the maximal parabolic subalgebra P max = M. 2A2M2 , where M.2 = 
so(3, 1), dim .4.2 = 1, dim A/2 = 4. The signatures are given by x = \ji)32',d], where 
jii32 parametrize the finite-dimensional irreps of so(3, 1), and d is the energy or 
conformal weight (parametrizing the ^-character) .0 

Alternatively, the ERs/GVMs are determined by the three Dynkin labels: rrii = (A + 
p, where ctj are the simple roots. The relation between the two parametrisations is: 

mi = 2ji + l, m 2 = 1-d-ji - j 2 , m 3 = 2j 2 + 1 ; 

(6.1) 

X= [ji,j2]d] = [|(mi - 1), 2(7713 - 1); 2-m 2 -i(mi+m 3 )] 

The numbers m\2 = Tn% + ni2 , ^23 = rri2 + m 3 , m i3 = "ii + ^2 + ^3 , correspond to the 
three non-simple roots in an obvious manner. The roots a±, as are compact, the other - 
non-compact. The set of the six numbers m a are the Harish- Chandra parameters. 



6.1. Multiplets, finite-dimensional irreps and discrete series 

The reducible ERs/GVMs are grouped in sextets, doublets, and singlets fl3"3]],||34||. The 
sextets are depicted in Fig. 5, cf. []33f| , ||34|| . The signatures of the ERs/GVMs of the sextet 
are given by: 



Xpi/n 
Xpun 

x' + 

A.pi/n 



Xpvn 

x" + 

A.pun 



[i(p-l),i(n-l); 2-v-\{p + n)] 
[Un-1) i(p-l); 2 + u+Up + n)] 



[|(p + i/-l),|(n + i/-i; 
[|(n + i/-l),|(p + i/-i; 

[i(i/-l),|(p + n + i/-i; 
[i(p + n + I/-1), -1) 



2-|(p + n)] 
2+|(p + n)] 
2+|(p-n)] 
2+i(n-p)] 



(6.2) 



The sextets are in 1-to-l correspondence with the finite-dimensional irreps of G since in 
each sextet there is exactly one ER/GVM which contains (as subrepresentation) a finite- 
dimensional irrep. The latter are parametrized by the positive integer Dynkin labels which 
we denote as in by p,v,n G IN. Correspondingly, the finite-dimensional irrep is 



denoted E pun , it has dimension: pun(p + v){n + u)(p + v + n)/12, |34j], and is contained 
in the ER/GVM denoted by Xpv 



11 The ERs of the group G = SU(2, 2) are induced from the parabolic subgroup P2 = M2A2N2 , 
cf. ( [2.lD , and the signature of M2 — SL(2, <P) >\%2 is given by (ji, J2) parametrizing the irreps of 
si (2, (D) = so(3, 1) and the signature e = 0, 1 parametrizing the character of Z12 ■ In what follows 
we shall suppress e since in the multiplet points (see below) it is fixed: e = {p + v + n— l)(mod2), 
and thus, we shall consider only the Lie algebra picture. 
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As a consequence, the sextets also hold the discrete series representations. For fixed 
p, v, n the six representations of the sextet are denoted by: Xpvn , Xwn > Xptn ■ The 



discrete series are contained in xtvn > Xwn > x'ltn ' we know that there are three distinct 

<.pun 

one case). 



ipvn i A,pvn ' Apvn 

non-conjugate cases of discrete series 0, (the two cases x'mn are conjugate and count as 



The limits of discrete series representations are in some doublets. The doublets are of 
three kinds, denoted by: 1 Xpu i 2 Xp n ) 3 xtn i an d the expression for their signatures can 
be obtained from the signatures of x'pvn > by setting, n = 0, = 0, p = 0, respectively, 
i.e., 



V" = 

Apiy 


[§(p + I> 


-1).3(" 


-i); 2-Jp] 


Y + = 
/Vpjy 




, |(p + i/ 


-i); 2 + 


2 /- __ 
Xpra 


[J(P-1) 


,i(n-l) 


; 2- \{p + n 


2 /+ 

Xpn 




,|(P-1) 


; 2 + i(p + n 


V~ = 


[1(^-1) 


, |(n + 1/ 


-1); 2 -in] 


V + = 

Ai/n 


[i(n + z/ 




-1); 2 + in] 



(6.3) 



Note that for all pairs of ERs/GVMs with signature distinguished by ± the sum of the 
cfs of the two ERs/GVMs equals 4 - the dimension of Minkowski space-time in this case. 



Furthermore, the ERs of such pairs are related by two Knapp-Stein integral operators |25|] . 

Finally the singlets are denoted by xt = \\iy ~ 1)5 \iy ~ l)j 2], [y E IN), and the 
expression for their signatures can be obtained from the signatures of x' P ^ n 1 by setting, 
n = and p = (then ± coincide) Ji3 

In Table 2 we give the Harish- Chandra parameters m a for all representations that we 
discuss in this Section.lll 

According to the results of Harish- Chandra the holomorphic discrete series happen when 
the numbers m a are negative integers for all non-compact roots. Thus, we see from the 
Table that the holomorphic discrete series are contained in the ERs Xpun ■ The limits of the 
holomorphic discrete series happens when some of the non-compact numbers m a become 
zero, while the rest of the non-compact numbers m Q remain negative. We see that these 
limits are contained in the ERs 2 Xp n (obtained also from Xp V n f° r v = 0)- 

6.2. Holomorphic discrete series and lowest weight representations 

Next we discuss how the lowest weight positive energy representations fit in the multiplets, 
and when they are infinitesimally equivalent to holomorphic discrete series. 



There are 2 basic cases of positive energy representations [£3 



12 Obviously the doublets and singlets are not related to any finite-dimensional representations. 

13 Matters are arranged as discussed so that the Dynkin labels are equal to p, v, n for the series 
Xpvn (which contains the finite-dimensional irreps). 
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l) jij2 ^ o, 2) nh = o 



In case 1) the positive energy representations fulfil the condition [p3| : 

d>2 + j t +j 2 , 
For d > 2 + ji + j2 the GVMs are irreducible and unitary. 

The point d = do = 2 + j\ + j% is the first reduction point. In our picture it is realized 
in the GVM with signature x'pini so that j\ = \n 1 32 = \p. 

The point d = do + 1 is a limit of discrete series, while the integer points with d > 
do + 2 are the holomorphic discrete series. Indeed, the former are contained in 2 Xp n > 
while the latter are contained in the ERs with signature xtun- ^ n both cases we have 
ji = \{n — 1), 32 = \{p— l)j <i = 2 + + i(n + p), where n,p>l and v = 0,v<ElN, 
distinguishes the two cases. 

Thus, these cases correspond to Co = 1 (see above) and A(X Q ) = 1 in the terminology 
of H . Here and below the unitarity parameter z of Q is related to ours as: z = —d + 
d + A(A ) • 

In case 2) the positive energy representations fulfil the condition [p3| : 

^ > 1 + ji + h , = 

For d > 1 + ji+ j2 the GVMs are irreducible and unitary. 

The point <i(j = 1 + j\ + j'2 is the first reduction point. These are the massless 
representations of so(4, 2). 

For ji + ji > 1 the FRP is realized in the ERs/GVMs with signatures: Xiini w ith 
ji = \{n + 1) > 1, 32 = 0, and XpTu with h = 0, j2 = \{p + 1) > 1. 

For ji + j 2 = \ the FRP is realized in the ERs/GVMs with signatures: 3 Xii, with 
ji = |, J2 = 0, and *Xii> with ji = 0, j 2 = | . 

For ji = 32 = the FRP is realized in the ER with signature: 2 X\\ 

As we shall see, these cases correspond to Co = 1 (see above), and A(\o) = 2 in the 
terminology of (the FRP is z = A(X ) = 2). 

The point next to the FRP (z = 1 by j§) with d = d^ + 1 = 2 + j x + j 2 is part of the 
analytic continuation of the discrete series. 



14 The two conjugated representations are two-component massless Weyl spinors. They are par- 
tially equivalent to the ERs 3 Xiu 'xli mentioned below, and the corresponding Knapp-Stein op- 
erators from these FRPs degenerate to the two well-known first order conjugated Weyl equations. 

15 This massless scalar representation is partially equivalent to the scalar ER 2 Xu> mentioned 
below. The two ERs are related by Knapp-Stein integral operators, however, the operator from 
2 Xii to 2 xfi degenerates to the d' Alembert operator [j36f . 
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For ji + j 2 > \ it fits the ERs 3 x^~ n , so that ji = ~ra, j'2 = 0, and so that j\ — 0, 

h = \v- 

For ji = j 2 = it is realized in the singlet ER with signature: xl- 

The next point with d = dg + 2 = 3 + j x + j 2 , (z = by @|), fits the ERs 2 %+ n 
with either p = 1 or n = 1, which contain limits of discrete series (with ji = i(n — 1), 
J2 = \{P - 1)> as above for jij 2 7^ 0). 

Finally, the cases with integer d > dg + 3 = 4 + ji + j 2 (z < by 0]) are realized by 
the ERs Xp„ n which contain the holomorphic discrete series (as above for jij 2 ^ 0). 

All this is illustrated on Figures 6,7. 



6.3. Induction from another parabolic 

The ERs discussed until now can be also induced from the minimal parabolic subgroup 



as shown in [^7 |, however, then they appear in larger multiplets 0]. In particular, the 
sextets are part of 24-plets, where each ER corresponds to an element of the Weyl group 
W of Q (E = so(6,<£), (recall that \W\ = 24). 

But besides the minimal and maximal non-cuspidal parabolics (of dimensions 9 and 
11, resp.), the group SU(2, 2) has a maximal cuspidal parabolic of dimension 10: Pi = 
MxAxNx , where M x = SL(2,M) x SO(2), dimAi = 1, dimiVi = 5. The signatures here 
are xi — [ n \ e, z/], where n' G % is a character of SO(2), v' E W is a character 
of A\ , k,e fix a discrete series representation of SL(2, M), k G IV, e = 0, 1, or a limit 
thereof when k = 0. In the integer points we are interested in e = A;(mod2), v' G and 



the relation with the Dynkin labels is as follows [34 



mi 



i(fc-z/ + ra') 



m 2 



m 3 



V 



n 



(6.4) 



Clearly, representations induced in this way will not describe all ERs with finite K-type, 
cf. the Table. For instance, one can not obtain the ERs of type Xpvn- Further, there are 
some restrictions on the values of n',/c,z/ when matching the other five series, e.g., to 
have finite K- types must hold the condition: k > v' + \ n'\. Furthermore, in order to fit the 
holomorphic discrete series, i.e., Xpvm mus t hold: k > \u'\ + \n'\. These representations 
describe the limits of discrete series when v' = and k > \n'\. 
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7. Outlook 



In the present paper we restricted to the conformal group case. Similar explicit descriptions 
can be easily achieved for the other non-compact groups with lowest/highest weight repre- 
sentations. We plan also to extend these considerations |38j to the supersymmetric cases 
using precious results on the classification of positive energy irreps in various dimensions 
55[| > PC[| > PI|,P2|, and also to the quantum group setting using Such considerations 

are expected to be very useful for applications to string theory and integrable models, cf., 
e.g., H. 
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x% - / x' g i 



Quartet of partially equivalent ERs and intertwining operators 
for so(3, 2) and so(4, 1) 
(arrows are differential operators, dashed arrows are integral operators 

Fig. 2 
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Table 1 



Harish-Chandra parameters for so(3,2) : 

mi = (A + p, ctj), i = 1, 2, 3, 4, m 3 = mi + 2m 2 , m 4 = mi + m 2 , mi = 2s + 1, 
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Eo = so + k DS 
Eo = s + 3 DS 

#0 = 5 + 2 LDS 
^0 = S + 1 FRP 

(3,2), 5 o = l,3/2,. 
Fig. 3 



E = s + k 
E = s + 3 
Eo = so + 2 

£o = 5 + 1 

— So + I 
5 = 0, 1/2 

(3,2), so = 
Fig. 4 



DS 
DS 
LDS 
FRP 

below FRP 

Rac, Di 
0,1/2 
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Sextet of partially equivalent ERs and intertwining operators 
for so(4, 2) and so(5, 1) 
(arrows are differential operators, dashed arrows are integral operators) 

Fig. 5 
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Table 2 



Harish-Chandra parameters for so(4,2) : 

rrii = (A + p, ctj), i = 1, 2, 3, mi 2 = mi + m 2 , m 23 = m 2 + m 3 , mi 3 = mi + m 2 + m 3 
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d = k + ji + j 2 DS 



d = 4 + j! + j 2 DS 



d = 3 + ji + j 2 lds 



d = 2 + ji + 32 frp 



(4,2), j^O 
Fig. 6 
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i d = k + ji + j 2 

> d = 4 + ji + j 2 

> d = 3 + ji + j 2 
id = 2 + ji+j 2 

i d = 1 + ji + j 2 

(4,2), ju2 = 
Fig. 7 
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